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PIASTIC STRESS-STRAIN RELATIONS FOR 755-T6 ALUMINUM ALIOY
SUBJECTED TO BIAXTAL TERSILE STRESSES

By Joseph Marin, B. H. Ulrich, and W. P. Hughes
SUMMARY

In this investigation, the material tested was a 755-T6 aluminum
alloy and the stresses were essentially biaxial and tensile. The
blaxial tensile stresses were  produced in a specially designed testing
machine by subjecting a thin-walled tubular specimen to axial tension
and internal pressure. Plastic stress-strain relations for various
biaxial stress conditions were obtained using a clip-type SR-4 strain
gage.

Three types of tests were made: Constant-stress-ratio tests,
variable-stress-ratio tests, and special tests. The constant-stress-
ratio test results gave control data and showed the influence of
biaxial stresses on the yleld, fracture, and ultimate strength of the
material. By means of the variable-stress-ratio tests, it is possible
to determine whether there is any significant difference between the
flow and deformation type of theory. Finally, special tests were
conducted to check specific assumptions made in the theories of plastic
flow.

The constant-stress-ratio tests show that the deformation theory
based on the octahedral, effective, or significant stress-strain
relations is in approximate ggreement-wlth the test results. The
varieble-gtress-ratio tests show that both the deformation and flow
theory are in equally good agreement with the test results.

INTRODUCTION

Machine and structural parts may be subjected to stresses beyond
the yleld strength of the material. Often these stresses are not simple
stresses acting in one direction, but are combined stresses acting in
more than one direction. To adequately determine the factors of safety
in a particular member, it i1s necessary to know the plastic stress-strain
relations. TFurthermore, in parts which are subjected to 1nitial residual
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stresses, such as high-pressure vessels, information on the plastic
gtress-strain relations is important. Another valuable use of the
plastic stress-strain relation in metals is in the study and improve-
ment of forming operations.

In recent years, many theories have been proposed for defining
the plastic combined stress-strain relations for metals based on the
simple-tension stress-strain relations. These theories are needed for
the solution of the engineering problems mentioned in the foregolng
paragraph. However, for englneering design purposes, it is desirable
to know which of the available theories, if any, agree with the test
results for the various possible stress conditions. In the past, most
investigations have been made for blaxial tension stresses and for the
condition in which the ratio of the principal stresses remains constant
during loading. Constant-stress-ratio tests do not distinguish between
the flow- and deformation-type theoriesl and it was for this reason that
emphasis in this report is placed on varlable-stress-ratio tests.
Constant-stress-ratio tests are also reported in order to provide basic
information on the strength properties of the material tested. The
present investigation is restricted to a 758-T6 aluminum alloy subjected
to bilaxial tensile stresses only.

The research herein reported was conducted in the Plasticity
Laboratory of the Pennsylvania State College under the sponsorship and
with the financial assistance of the National Advisory Committee for
Aeronautics. Dr. Sam Batdorf and his assoclates at Langley Field gave
valued suggestions in the planning of the research reported herein.
Messrs. B. H. Ulrich, W. P. Hughes, and L. W. Hu, research assistants,
conducted the tests and computed the test data. Parts of the testing
machine and the special strain gage were built by Messrs. S. S. Eckley,
H. Johnson, and I. Bjalme. The assistance given by the NACA and the
foregoing individuals in making possible this investigation is greatly
appreciated.

SYMBOIS
d original internal diameter of tubular specimen, inches
d internal diameter of tubular specimen in plastic range,

P inches

lIn this report, when reference is made to.the flow and deformation
theories, the simple theories based on the octahedral shear stress and
strain are intended.
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Young's modulus of elasticity, psi

longitudinal and lateral nominal strains in plastic
range, respectively, inches per inch

strength coefficient for simple tension

Poisson's ratio

strain-hardening coefficlient for simple tension
internal pressure, psi

axial tension load, pounds

original wall thickness of tubular specimen, inches

wall thickness of tubular specimen in plastic range,
inches

principal stress ratios

true stress in simple.tension, psi

yiéld stress in simple tension, psi

nominal ultimate stress in longitudinal tension, psi
true rupture stress in longitﬁdinal tension, psi

true longitudinal and lateral principal stresses,
respectively, psi

true radial principal stresses, psi

elastic longitudinal and lateral principal stresses,
respectively, psi

yield longitudinal and lateral principal stresses,
respectively, psi

nominal ultimate longitudinal and lateral principal
stresses, respectively, psi

true longitudinal and lateral principal stresses at
rupture, respectively, psi
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I significant stress, psi

€ true strain in simple tension, inches per inch
51,62,53 true principal strains, inches per inch

i significant strain, inches per inch
-El',€2',€3' total principal strains, lnches per inch

5B increment in plastic flow (F(T)&T)

TEST PROCEDURE

Material Tested and Specimen

The material tested in this investigation was a fully heat-treated
aluminum alloy designated as T75S-T6. The material was supplied in
tubular extruded form in lengths of 16 feet with an internal diameter
of 2 inches and a wall thickness of 1/4 inch. The nominal chemical
composition, in addition to aluminum and normal impurities, consists
of 1.6 percent copper, 2.5 percent magnesium, and traces of manganese and
chromium. Nominal mechanical properties in tension as furnished by the
manufacturer are: Ultimate strength, 88,000 psi; yield strength
(0.2 percent offset), 80,000 psi; modulus of elasticity, 10.6 x 106 ps8i;
percent elongation in 2 inches, 10 percent; and Polsson's ratio, 0.33.

The dimensions of the machined specimens are shown in figure 5 of

ference 1. The specimen used had an over-all length of 16 inches,
w_th a~ intermediate length of 11 inches of reduced wall thickness
equal to about 0.100 ¥ 0.002 inches. The internal surface was left in
the extruded form. The wall thickness of the tubular specimen was
measured using the apparatus described in reference 1. The ratio of
the wall thickness to diameter of the specimen was 0.05, so that the
biaxial stresses throughout the wall were essentially constant. The
ratio of diemeter to length for the specimen was sbout 0.18, so that a
sufficiently long section of the specimen was available free from
bending stresses produced by end restraints.
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Testing Machine

The machine used for the tests reported in reference 1 was modified
for the present investigation. Changes in methods of applying the
internal pressure and aexial loads and a new-type clip gage were neces-
sary in the present investigation to obtain more accurately the stress-
strain relstions for the initial part of the plastic range. Figure 1
shows front and side views of the blaxial-stress machine. The axial
tensile load is applied to the specimen S by means of a hydraulic
Jack J, a vertical rod R, and a lever L. The axlal load is measured by
a dynamometer D using SR-4 geges. The lever L transmits the load to
the speclimen through spherical seats S' to insure axiality of loading.
The fulcrum F of the lever and the ends of the lever are supplied with
bearings to eliminate errors due to friction. The pulling rod R is
provided with a spherical seat and a bearing to eliminate bending. A
pump unit P was used to apply the internal pressure. A 10 W automotive
oil with 175 SSU viscosity at 100° F was the fluid used for applying
the Internsl pressure. The 0il was suppllied to the specimen S by a
pump P through a high-pressure pipe line to the lower pulling head H.
The rate of pressure application was controlled by means of a release
valve V which discharged surplus oil into the oll-supply reservoir,

The oil pressure was measured by a 10,000-pound U, S. Bourdon gage G.

The axiality of the load was checked as described in reference 1.
The machine was calibrated for axial loading by using = calibrating rod
with SR-4 gages in place of the specimen S and recording the readings
on a calibrated mechanical type dynemometer at D. The axial load on
the specimen could be measured within 100 pounds. The pressure gage
was callbrated before testlng and was found to have a maximum error of
about 2 percent. ’

Method of Measuring Strailns

The elastic strains were measured for a l3/l6—inch gage length
by using SR-4 electric strain gages. Two SR-4 gages, one longitudinal
and one lateral, were' attached to the specimen at midlength and were
used to measure the elastic strains (fig. 2(a)). The SR-4 gages were
cemented to the specimens in compliance wilth the procedure prescribed
by the manufacturer. The strain gages were connected through a switch
box B so that each gage could be successively switched into the circuit
with the strain indicator I. The strain indicator I records the strain
directly in microinches per inch.

The foregoing method of measuring strains 1s limited to a maximum
strain value of about 0,015 inch per inch. In order to measure the
plastic strains 1t was necessary to provide some other kind of strain
gage. A clip-type gage as shown in figures 2 and 3 was used to measure
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the longitudinal and lateral plastic strains. A clip gage consists of
a rectangular-shaped frame with the cross member made of a phosphor-
bronze strip to which SR-U4 electric gages are attached to the upper
and lower surfaces. By this arrangement, an additional temperature-
compensating gage is not required and increased sensitivity is obtained.
By means of these clip gages a large strain at the pivot points of the
clip is reduced to a small measuraeble strain at the bridge of the clip.
The longitudinal and lateral clip gages measure strains to 0.00005 inch
per inch. The clip gage in figure 2 made it possible to measure both
the longitudinal and lateral plastic strains on two gage lengths. The
gages were calibrated using the device shown in figure 2(b). A stepped
plate C with notches along the edges of the plate spaced at fixed known
distances provides the standard for calibrating the cllp gages. The
distances between the notches were accurately measured by micrometer
calipers reading to 0.,0001 inch. With the clip gage attached to a pair
of notches, the SR-U indicator reading is recorded. By use of the
puccessive notches and by observing the corresponding SR-4 indicator
readings, a calibration of the clip gages is made possible.

Final atrains at rupture were measured to 0.0l inch by use of
dividers and a scale.

Method of Testing

Prior to testing, SR-I gages were glued to a tubular specimen.
After adjusting the clip gages and connecting all strain gages to the
switching box and strain indicator, a zero set of strain readings on
the unloaded specimen was recorded. Oil was then pumped through the
specimen to remove any air that might be trapped in the specimen. The
discharge outlet in the pulling head of the testing machine was then
gealed and a protection shield was placed around the specimen. Internal
pressure or axial loads or both types of loading were then applied
according to predetermined values. The manner and magnitude of the
loads applied naturally depended upon the specific type of test. At
selected intervals of load or strain the values of the loads and strains
were recorded. Fracture loads were noted and permanent strains after
fracture were measured.

Prior to testing, all specimens were subjected to a permanent
prestrain of 0.2 percent, first in the longitudinal direction and then
in the lateral direction. This procedure was recommended by the NACA
committee for this project. The purpose of the prestraining is to
reduce the amount of anisotropy present in the extruded tubular specimen.
Influence of such prestraining is described in a paper by Templin
(reference 2).
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CONSTANT-STRESS-RATIO TESTS

Plastic stress-strain relations for various constant biaxial
stress ratios are the usual type obtalned. To provide this standard
information and to obtain control data, constant-stress-ratio tests
were also conducted as part of the present investigation. It should
be noted that constant-stress-ratio tests give also information on the
influence of the combined stress ratio upon the strength and ductility
of the material.

Conventional Stress-Strain Results

The average curve showing the relations between the conventionsl
stress and strain for both the longitudinsel and lateral stresses is
shown in figures 4 and 5. On each stress-strain curve the ratio
02/01 of the latergl to longitudinal stress is glven. The strain

values plotted in figures 4 and 5 were méasured by the SR-4 gages
cemented to the specimens, For most stress ratios three speclmens
were used, but for all ratios at least two specimens were tested.

The equations used for calculeting the nomingl longltudinal and
lateral stresses plotted in figures 4 and 5 were, respectively,

pd2 + ll-%
. Ole = — (1)
bt (d + t)
14284 2(%)
- pd a
O2e = (2)
2t 1+ g

(see reference 1). Equation (2) for the lateral stress is that based
on gssuming that the wall thickness is large. It was necessary to
congider the lateral stress based on the theory of the thick-wall tube

since, for the value t/d = 0.05 used, Ooe = 1,05 E% minus a value

5 percent greater than that obtalned by considering the theory of the
thin-walled tube.

The nominal or conventional strain values plotted in figures 4
and 5 were determined from the values of the SR-4 indicetor reading.
The indicator readings were corrected for lateral sensitivity and the
"combined-stress effect” since the manufacturer's constants are based
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on a calibration using a steel specimen with s Poisson's ratio of 0,285.
Equations for obtaining the corrected strain using the indicator
readings are given in appendix B of reference 1,

Yield-strength values for axial tension (as glven in table 1 for
stress ratio equal to 0) were based on offset strain of 0.002 inch
per inch, as shown in figure h, For the combined-stress tests an
equivalent offset strain was used. The determination of this
equivalent offset strain is explained in appendix B.

Plastic Stress-Strain Results

The relation between the true stresses and strains for the entire
range of stress and for the various principal stress ratios are given
in figures 6 and 7. These stress-strain relations differ fram the
conventional diasgrams since they consider a changing gage length and
changing dimensions of the specimen. The curves shown in figures 6
end 7 are based on the average nominal stress-strain relation for at
least two specimens. !

The true plastic strains were determined from the clip-gage
readings given by the SR-4 indicator. The conversion of the reading
to strain in inches per inch is explained in reference 1,

It can be shown (reference 1) that the true longitudinal and
lateral strains in terms of the nominsl longitudinsl and lateral
strains e; and e, are

log, (l + el)
(3)

]

€ loge (l + e2)

The stresses in the plastic range must be determined using the
dimensiong at the particular load values, since the changes in dimensions
during plastic flow are appreciable. The true longitudinal and lateral
gtresses can be obtained by equations (1) and (2) provided the initial
diameter d and wall thickness + are replaced by their actual ’
values dP and tp at the particular loads considered. That is, the

stresses in the plastic range are
2
pp + h 3
o1 + (%)
htp(dp + tP)
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% (5) -

0'2=———

2tp

The values of the dimensions dP and tp can be shown to be

- £
‘p = 1+ ey + e2) (6)

dp = (@ + 2t) (1 + ep) - 2t | (1)

The true stress-strain diagrams represented in figures 6 and 7 are based
on stresses and strains as calculated by equations (3), (&), and (5).
The fracture points shown in figures 6 and T were based on the strains
after rupture corrected for the elastic strains Just prior to rupture.

From the data given in figures 4 and 5, values of the nominal
ultimste strengths for the various biaxial stress ratios were determined.
These values are listed in table 2. Table 3 shows the true fracture
stresses for various biaxial stress ratios, as determined from fig—
ures 6 and 7. Table L4 gives ductility values by listing the nominal
and true strains at fracture for various biaxial stress ratios.

Analysis and Discussion

Yield strength.- Yield-strength values for various biaxial stress
ratios (appendix B) are compared with the theoretical values in fig-
ure 8 and table 1. The comparison shown in figure 8 is based upon the
uniexial strength in the longitudinal direction. Figure 8 shows that
the meximum-shear or stress theories are in approximate agreement with
the test results.

Plastic stress-gtraln relationsg.- Plastic stress-strain relations
are compared with the deformation theory by plotting relations between
the significant stress and strain (reference 1) and comparing these
relations with the true uniaxial stress-strain relations (figs. 9
and 10). The values of the significant stress and strain were computed
by the equations

7= \j%—[("l - )" + (9 - 93)% + (o - "3)3 .(8)
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- by 2 2
€ = \/%(Gl + €6 + 6, ) (9)

Values of ¢ and € are also referred to as the "effective stress and
strain" and they are equivalent to the "octahedral shear stress and
gtrain" except for e numerical constant. A study of figure 10. shows
that the deformation or flow theories can be used to approximately
predict plastic stress-strain relatioms. This conclusion is based on
the agreement between the various significant stress-strain relations
and the true uniaxial stress-strain relation as shown in figure 10.

A comparison of the true stress-strain relations for each
principal stress and the values predicted by the flow and deformdtion
theories is given in figures 6 and 7. The determination of the theo-
retical stress-strain relations by the flow and deformation theories
is explained in appendix A. For constant stress ratios the flow and
deformation theories coincide. For small strains the two theories give
the same results within the possible accuracy of the calculations.
Figure 10 ghows that there is good agreement between the actual stress-
gtrain relations and the values predicted by both the flow and the
deformation theories.

Bisxial nominal ultimate strength.- Values of biaxisl nominal
ultimate strength as given in table 2 are compared in figure 11 with
values predicted by the maximum-stress or shear theory of fallure.
Figure 11 shows that the maximum-stress or shear theories may be used
to approximately predict the nominal ultimate blaxial tensile strengths
for Alcoa T5S-T6 aluminum alloy.

Biaxial true fracture strength.- Values of biasxial true fracture
strength as listed in table 3 are compared in figure 12 with values given
by the maximm-stress theory. An examination of figure 12 shows the
meximum-stress or shear theorles give an approximete prediction of
fracture strength. In view of the necking down of the specimen beyond
the ultimate loads and the gubsequent. changes in the state of stress
due to necking, the comparison between theories and test results is
considered better than might be expected.

Ductility.- Ductility values based upon both the initial and
changing gage lengths are given in table 4 for various biaxial stresses.
Both the nominal and true ductility values in table 4 show that the
ductility decreases with increase in biaxiality of the principal stress
ratio 62/01 from 0 to 1. The influence of biaxlal stresses on the

ductility cannot be definitely determined because of the effect of
anisotropy of the material. The initial prestressing of the material
did not have the desired influence on the anisotropy of the material.
The directional effects in the specimen are also indicated by the
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difference in the true tensile stress-strain diagrams for the longi-
tudinal and lateral directions as shown in figure 13. The difference
in the tensile properties in the two directions is also shown by the
difference 1n values of kX and n as obtalned from figure 13 and
listed in table 5. Values of k and n are, respectively, the
strength coefficient and strain-hardening exponent in the equation

o = ke®, where ¢ and € are the true tensile stress and strain,
respectively.

N

VARIABLE-STRESS-RATTIO TESTS

The constant-stress-ratio tests discussed in the foregoing section
do not make it possible to distinguish between the flow and deformation
theories gince for constant biaxial stress ratios the theories coincide.
Variable-gtress-ratio tests were conducted in this investigation in an
attempt to show which of the two theories agreed best with the test
results.,

Variable-stress-ratio tests were conducted in essertially the same
manner’ as the constant-stress-ratio tests, except that the Iintermal
pressure was Tirst applied up to selected values and axial tensile loads
were then applied to fracture. The value of the internal pressure was
meintained in each case while the axial load was applied. The manner
of loading is indicated in figures 14 and 15 which show the nominal
stress-strain relations for both the longitudinal and lateral stresses
when various loading conditions were used. The nominal stresses used
in plotting figures 14 and 15 were calculated by equations (1) and (2)
and the strains were determined as explained in reference 1. Using
equations (3), (4), and (5) and the average values represented by the
curves in figures 1k and 15, the true stresses and strains were cal-
culated and for each loading condition the values of true stress-strain
relatlons were plotted for both the longitudinal and lateral directionms.
Figures 16 and 17 show these true stress-strain relations. Values of
the true stress-strain relations as determined by the flow and defor-
mgtion theories were computed as explained in sppendix A. These values
are based on the true tension stress-strain relations as previously
noted. A comparison is shown in figure 16 between the test results and
the values of the stress-strain relations predicted by the flow and
deformation theories. An examination of figure 16 shows that both the
flow and deformation theories are in approximste agreement with the
test results and that one cannot be recommended in preference to the
other.

To compare the deformation theory and test results, significant
stress-strain relationes were plotted for the variable-stress-ratio tests
as shown in figure 18. Figure 19 shows the significant stress-strain
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relations plotted with a common origin as well as the tirue uniaxial
tensile stress-strain relation. An examination of the significant
stress-strain curves in figure 10 for constant stress ratios indicates
that some of the differences between the significant stress-strain
relations in figure 19 are due to anisotropy. The anisotropy is shown
by the difference between significant stress-strain relations in fig-
ure 10 for the uniaxial lateral and longitudinal stresses - that is,
for principal stress ratios O and .

SPECIAL TESTS

Tests on Isotropic Yielding

Tt is assumed in the isotropic linear flow theories that initial
prestraining will not produce anisotropy. That is, it is assumed that
there is isotropic yielding. To determine experimentally the validity
of this assumption the following tests were made. One specimen was
loaded in longitudinal uniaxial tension to a strain of about 5 percent.
The specimen was unloaded and then loaded under uniaxial lateral tension
to failure. A second specimen was loaded in longitudinal uniaxial
tension to about 5-percent strein, unloaded, and then reloaded under
uniaxial longitudinal tension to failure. If the isotropic-yielding
assumption is valid the significant stress-strain curves for these two
tests would coincide. A plot of the significant stress-strain relations
showed that the curves were in about as close agreement as the signifi-
cant stress-strain relations for longitudinal tension and lateral
tension in Pigure 10. Furthermore, the lack of ductility in the lateral
direction gave a small over-all range of strain, making the comparison
of the significant stress-strain plots not entirely conclusive. That
is, the initial anisotropy of the material made it difficult to determine
whether isotropic ylelding occurred.

Tests on Coincidence of Principal Stress and Strain Axes

In the theories of plasticity, i1t is assumed that the direction of
the principal stresses and strains remains the same in the plastic range.
To check this assumption, a strain rosette was placed on a tubular
specimen in order to provide a means of determining the principal strain
directions. The specimen was then subjected to an internal pressure and
values of strains for the three strain-rosette directions were measured
up to a strain of about 1.5 percent. The pressure was then removed and
the permsnent plastic strains were measured. From the strain-rosette
readings the directions of the principal plastic strains were determined.
A comparison of the directions of the principal plastic stresses and
strains as shown in figure 20 shows that for practical purposes the
direction of these axes coincide as assumed in the theory.
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CONCLUSIONS

For the 755-T6 aluminum alloy tested, the following conclusions
are made on the basis of the foregoing biaxial tension tests:

1. The biaxlal yield strengths may be safely predicted by the
maximum-shear or stress theories.

2. The nominal biaxial ultimate strengthe and the true biaxial
fracture strengths are in approximate agreement with both the maximum-
stress and maximum-shear theories. For all three kinds of strength,
the lines deflining the theories are not definitely fixed since the
testing of more specimens for uniaxial stresses may have shifted the
location of the lines defining the theories.

3. Although the test results indicate a decrease in ductility with
biaxisl tension compared with uniaxlal tension, the ductility values
may have been influenced by the anisotropy of the material.

4, For constant principal stress ratios, the octahedral deformation
theory gives a good engineering approximgtion for defining the plastic
bilaxial stress-strain relations. ' |

5. For the particular load path and principsl stresses used the
variable-stress test results show that both the deformation and flow
theories glve a good approximastion to the actual stress-strain relations.

6. For large plastic strains, the assumption of isotropic yielding
made in the plasticity theories is in general agreement with the test
results,

7. For the tests of constant principal stress ratio it was shown
that the principal axes of stress and strain coincide within the limits
of possible experimental error. This conclusion I1ndicates that any
Initisl anisotropy of the material does not iInfluence the theoretical
values as given by the simple deformation or flow theories.

The Pennsylvanias State College
State College, Pa., May 27, 1950
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APPENDIX A

DETERMINATION OF THEORETICAL STRESS-STRATN RELATIONS

BY DEFORMATION AND FLOW THEORIES

In the Interpretation of test résults on plastic combined stress-
strgin relations, the deformation- and flow-type theories are usually
based on distortion-energy or octehedrgl-shear-stress criterions of
flow. The determination of the stress-strain relation based on the
unisxial simple-tension stress-strain relation for both theories will
be outlined in the following sections.

Stress-Strain Relatlions by the Deformstion Theory

On the basis of the assumptions that the sum of the principal
plastic strains is zero and that the ratios of the principal shear
stresses and strains are proportional, it can be shown (reference 1)
that the principal plastic strains in terms of the principal stresses

are -

In equations (Al), 0 and ¢ are the true stress and plastic strain
for simple tension.

Squaring both sides of equations "(Al) and adding the resulting
equations yield )

(a2)

Qlm
il
Qilmi
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where

G- \/§(€12 + €2 v e 8) (a3)
o= —v_e-l_—\’(ol - 02)2 + (02 - 03)2 + (03 - 01)2 (ak)

and o and ¢ are called the significant or effective stress and
strain.

and

It is now possible by means of equations (Al), (A2), (A3), and (Ak4)
and the simple-tenslon stress-strain curve to obtain the principal
plastic strains. That 1s:

(1) For given values of the principal stresses 01, Op, and 63,
the value of the significant stress o can be determined by equation (Ak)

(2) From the simple-tension stress-plastic-strain relation using
the value of o =T obtained in step 1, corresponding value
of €= are found .

(3) With € and ¢ known, for given values of the principal
stresses equations (Al) can be used to determine the plastic strains €4,
€2 3 and € 3 ‘

(4) For other values of the principal stresses, the above steps
may be repeated

To obtain the predicted stress-strain curves for each of the
. principal stresses, it is first necessary to add the plastic strain
values to the elastic in order to obtain the total strains. That 1s,
the total strains are

-

y _ 1
€ EE]- - p.(o’2 + 033 + €

n

v

62'=%-E2—u61+03)j] + € (45)
3 = %E3 - u(op + og)] + 63
-
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By equations (A5) the total principal strains ¢ ?, e2',’and €' can

be determined and the theoreticgl stress-strain relations based on the
deformation theory plotted. In figures 6, 7, 16, and 17 stress-strain
relations based on the foregoing procedure are shown.

Stress-Strain Relations by the Flow Theory

The flow-type theory for predicting plastic stress-strain relations
differs fram the deformation-type theory by assumirng that the incremental
changes in principal shear stresses are proportional to the incremental
changes in the principal shear straine, The procedure developed in the
following discussion for the tube subJjected to internal pressure and
axial tension is adapted from the general theory given by Shepherd in
reference 3.

When increments of principal shear stress and straln are asgsumed
to be proportional, then equations (A5) are replaced by increments of
straing or

3 ]
5611 = %: 8oy - ”(502 + 803ﬂ + 661
862' = %Boz ~ p(BO'l + 86311 + 662 > (46)

—
863' = -lL 50'3 - [1(502 + 50’1)‘ + B¢
o

where the increments of plastic strain are
1
GBIE; - §<?2 + céi]
s 8Blo, - L(0s + © >~ (AT)
€2 2753
1
3 SBE3—-§0'1+ 0'22
J

From equations (A6) and (A7) the total-strain increments, equal to the
sum of the elastic and plastic strain increments, become :

-

I

5¢&

oY

1t
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Be‘—l~6—0 do. + &a + 5B 1 \]
1‘E'*1'”(2 3) cr"2'024"’3)_‘

e ' = =[50,

5 °f - u(603 + Gclﬂ + SBEQ - %(03 + cl‘)q % (A8)

‘6e3t = %_5—03 - u(Bcrl + 502)] + BBE3 - é‘("l + orgi

The beginning of plastic flow is defined by the distortion-energy theory
or the equivalent octahedral shear stress. That is, if oy 1is the

yileld stress In simple tenslon the relation between the sfress components
for plastic flow is

el ey
n

e

cry2 = 012 +, 022 + 032 - 010p - OpO3 = 0307 (a9)

It is then assumed that the function given by equation (A9) which
defines beginning of plastic flow is a function defining the subsequent
plastic flow. That is, 8B in equations (A7) and (A8) is assumed to
to be a function F(G) 8 of G where o 1s defined by

82 = 012 + 022 + 032 - 010p - 0503 - 0307 (A10)

It will be assumed furthermore that: (1) For &7 <O,
8B = 0O (A11)

and the increment of strain is elastic. (2) For &7 > 0,

8B = F(T)55 (A12)

end the increment of strain is elastic and plastic. To determine the
principal stress-strain relations, it is necessary to determine the
increment of strains from equations (A8). To obtain these strain
increments the values of BB must be known for a given set of stresses.
To determine BB equations (A10) and (Al2) will be used, together with
the simple-tension stress-strain diagram. For simple tension, by
equations (A8), since 03 = ¢ and oy = o3 = 0,

8¢* - 3 80 = 8Bo (A13)
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By equation (Al0) for simple tension ci‘= 0, 0Op = 03= O, and o = o,
and equation (Al3) can be written as

et - %-Bc = OBB (A1k)
Substituting the value of 8B from equation (Al2) in equation (Alk),
(5¢' - & 80)= T¥(a)6T (A15)

For a finite amount of straining by summing up the strains,

(a - %)=ZBF(?)8? (A16)

Since the left-hand side of equation (Al6) represents the plastic
strain ¢, by equation (Al6)

c =ZGF(E)66‘ (A17)

From the tension teet curve, values of ¢ = ¢! - o/E can be obtained
for given values of ¢ = 7. Since by equation (Al7) e =ZE:EF(E)SE,
a graph can be plotted showing the relastion betweenjzzaF(E)SE and 0©.

From this graph and by graphical integration values of GF(T) can be
obtained for each value of ©. Then, dividing OF(T) values by the
corresponding T values, the F(T) can be determined for each

o stress, It is then possible to plot a curve showing the relation
between F(0) and T. With the relation between F(o) and T known
from the tension test results, it is now possible to obtain the theo-
retical stress-strain relations for the tube subjected to internal
pressure and axisl loading. To do this, the following steps are
involved: .

(1) For various values of o7 the values of T are determined
by equation (A10) listed in a table containing the following headings:

gy | T |F(@) | F(D) (01 - 222—) ZF(B’) (al- %)66 ZF(E)BE = ZGB
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(2) From the F(G) - T curve obtained by using the stress-strain
curve for simple tension, values of F(G) can be found for each G
value and thelr magnitudes placed in the correct column above.

(3) The products F(7) (crl - 223 - 223) are then computed and listed
in the table.

o o
(4) The relation F(7) (crl - 32- - —2-;3-) is then plotted against T.

(5) From the plot obtained in step (4) the values
o, 03
E F(o)\oy - > -3 cen be obtained since these values are the areas

under the curve for the particular value of G, These values are the
plastic strains since by equations (A8) and (Al2) the plastic strains

0SS oy
- ZSBE - %(cre + 0311
= ZF(E)E - %(02 + 03)] 55

(6) Then by adding the plastic strains from step (5) to the elastic
strains, the total strains become

-

cl-u(02+037+ ZSB—G—J_-—;—GE+U3Z,

e —

€’=-]-'—
E

a
]

5 %;2-u(0'1+03)]+§8]3;2-32‘0'1+g3)]r (418)

! —]2:— 0+cr)+ BB:-—-]—'-O' + O

(93 - HO01 * 9% 3- 391 7% %

L -
J

That 1s, by equations (A18) the theoretical principal stress-strain
relations can be obtalned. The curves designated by the flow theory in
figures 6, 7, 16, and 17 were plotted using equations (A18) and the
foregolng procedure.

m
w
u
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APPENDIX B

DETERMINATION OF EQUIVALENT OFFSET STRAIN FOR

DETERMINATION OF BIAXTAL YIFELD STRESSEST

For materials with strain-hardening, it is common practice to
determine the yleld stress by the use of the offset method as illuatrated
in figure 4 for simple tension. For states of combined stresses the
procedure for the determination of yield stresses has not been standard-
ized and various methods have been used. The method developed in the
following discussion for the determinstion of yield stress appears to
be the most logical. In this method, the yleld stress is based on an
offset strain ~ an equivalent offset strain - a value which tskes into
account the influence of combined stresses and a value which is based
on the offset strain used for simple tension. The determingtion of this
equivalent offset strain is based on the deformation theory.

By the deformation theory, since o = T, the principal strains ¢;
and €, can be obtained in terms of the uniaxial strain ¢ and the

principal stresses by substituting o for o as given by equation (AL)

in equations (Al). That is,
\

. ¢(2 - R)
17 2\J1-R+R

6¢(2R - 1)

o
2\/1 - R+ R

-

(B1)

where R 1s the principal stress ratio op/o;.

For an offset plastic strain € = g,, the equivalent offset prin-
cipal strains ¢; and ¢, are, by equations (B1),
o]

o -
(2 - R)
Glo= Go
2\}1 -R+R &
(B2)
€ = R-1
2o 2 €o
2\l -R+R ]

1This procedure was suggested by Mr. L. W. Hu, Research Assistant,
The Pennsylvania State College.
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For various values of the principal stress ratio R = 02/01,

equations (B2) define the equivalent offset strains as used in figures L
and 5.
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TABLE 1.

YIELD STRESSES FOR VARIOUS RATIOS OF BIAXTAL STRESSES

1o inal
Biaxial nﬁi:;g L;::;gl Stress ratios
stress stress, stress, o o
ratio ly 2
0p/07 1y %2y x=g= | T=5-
&t (psi) (psi) v y
0 67.5 x 105 | oo 0.9% | e
- R S 1.00 | ee-e-
76.6 | cemmmeeeee 1.06 |  cmee-
872,00 | e 23,00 ——
0.5 73.5 39.7 x 103 1.02 0.55
™.5 38.0 1.0k .53
874, 0 838.8 21.03 &, 54
1.0 72.5 70.5 1.01 0.98
71.0 73.0 .98 1.01
Th.0 .5 1.03 .99
2.5 a71.7 a1.01 8,99
2.0 37.0 76.2 0.51 1.06
38.0 76.0 53 1.06
a37.5 a76, 8,52 81.06
T B 68.6 | e 0.95
“““““““““ 7105 s —— .99
------------ 870.1 —— & 97
8Average value.
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TABLE 2

NOMINAL ULTIMATE STRESSES FOR VARIOUS BIAXTAL STRESS RATIOS

Longitudinal| Lateral Stress
Biaxial nomingl namingl ratiis
stress Specimen wltimgte ultimate
ratio, P stress, stress,
0’2/0‘1 . Ulu 0'211
(psi) (psi) X = Oyy/0u|¥ = O2u/%
0
(Longitudinal| 21 85.7 x 103 0 1.0k 0
tension) 29 83.2 0 1.01 0
3k 78.6 0 .95 0
ag2,.5 ag a1, 00 ag
0.5 A2 90.0 ¥5.0 x 103]  1.09 0.55
A3 87.5 4.8 1.06 5
18 86.5 k3.2 1.05 52
888.0 aylL.0 81.07 &.53
1.0 10 88.0 ‘ 88.2 1.07 1.07
11 T7. 4 7.5 .94 .9k
12 78.8 78.8 .96 .96
agl. a81.5 a,99 2,99
2.0 37 ho.k 80.14 0.49 0.98
25 ko.2 81.6 1) .99
a40.3 ag1.0 a kg &.,98
o 38 0 72.5 0 0.88
(Transverse Al 0 73.1 0 .89
tension) ap aTe,8 &g a, gsg

aA.verage value. ““ﬂ!!!"
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TABLE 3
TRUE -FRACTURE STRESSES FOR VARIOUS BIAXIAL STRESS RATIOS
Iongitudingl| ILateral
Biaxial true true i:ﬁigg
stress fracture fracture
retio, Specimen stress, stress,
0. /0. g a,
2/%1 1r or
(psi) (psi) * = Our/or |V = 021./01.
0 o1 97.0 x 103 0 1.0k 0
(Longitudinal 29 94,2 0 1.01 0
tension) 3L 89.0 0 .95 o}
893. 4 ap a1,00 ap
~ 0.5 A2 9.8 48.1 x 103  1.03 0.52
t A3 93.2 W77 1.00 .51
18 92.1 5,2 .99 19
893.7 ay7,0 a1,01 a, 51
1.0 10 95.1 93.0 1.02 1.00
11 83.6 81.6 .90 .88
12 85.3 83.1 .92 .89
288.0 885.9 2,94 8,92
2,0 37 hi,2 80.6 0.4k 0.86
25 hi.0 81.8 A .88
apy. 1 281, 2 a il a, 87
oo 38 0 73.7 0 0.79
(Lateral Al 0 Th.h 0 .81
tension) ag a7l agp a, 80

aAvverage value.
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TABLE L
NOMINAL AND TRUE DUCTILITY VALUES FOR VARIOUS
BIAXTAL STRESS RATIOS
Biaxial Nominal True
stress ratio, Specimen ductility ductility
0p/01 (in./in.) (in./in.)
0 21 12.1 x 1072 11.3 x 10~2
(Longitudinal 29 13.5 i2.6
tension) 34 13.0 12.2
ai2.8 a12.0
0.5 A2 7.5 7.2
A3 7.0 6.7
18 6.0 5.8 0
&7.0 86,7
1.0 10 k.0 3.9
11 3.0 3.1
12 3.5 3.k
23.5 a3.5
2.0 37 2.0 1.9
25 2.0 1.9
82,0 2]1.9
g 38 2'5 2.1
(Lateral Al 1.5 1.3
tension) 2.0 al. 7
aAvera.ge value. .



TABLE 5

TRUE STRESS-STRAIN RELATIONS FOR UNIAXTAL TENSION TESTS

Nomingl True
wltimate | Fracture True Constant Constant
Loading direction | Specimen atreas stress ductility k n
(psi) (psi) (in./in.) (psi)
Tongitudinal 21 85.7 % 103] 97.0 x 103 | 11.3 x 1072 | amcmcmmem N .
29 8302 9‘l+|2 12.6 ————————————————
34 78.6 89.0 12,2 | emmmmmmee | meeem
88p.5 293,14 a12,0 81.09 x 10° | %0.08
Transverae 38 72.5 73.7 2.1 ——emmmmmme | e
Al 73.1 Th. b 1.3 | emme——————— ———
87,8 &7k, 0 a)1.7 20, 88 20,04
“Bpverage value, ~RAG

Cetd ML VOVH



WACA TN 2425

1‘

—— T T hemd

=

ir.u.

A=y, @/

> I‘l
My

—_————y
&
5
- = ww—
.. .-
- - ‘ -~ e =
t wﬂ:ld...llh“ﬂ.ﬂ
. \“ - -
o ,
: =
P S
- -
vy T
L]
"

A

(v) Side view.

_ =TT

Flgure 1.~ Blaxial-sgtress testing machine.

{(a) Front view.




..-a- e -
.‘ . \

(3) Clip gege attached to apacimen.

Flgure 2.~ Photograph of clip gage.
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